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> . Abstract 

O ■ The chiral WZNW symplectic form fi^^^^ is inverted in the general case. Thereby a precise 

2 \ relationship between the arbitrary monodromy dependent 2-form appearing in f2(?^^^ and the 

Q\ \ exchange r-matrix that governs the Poisson brackets of the group valued chiral fields is estab- 

^ ' lished. The exchange r-matrices are shown to satisfy a new dynamical generalization of the 
classical modified Yang-Baxter (YB) equation and Poisson-Lie (PL) groupoids are constructed 

_. . that encode this equation analogously as PL groups encode the classical YB equation. For an 

D \ arbitrary simple Lie group G, exchange r-matrices are found that are in one-to-one correspon- 



dence with the possible PL structures on G and admit them as PL symmetries. 
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1 Introduction 

This paper contains a systematic analysis of the classical phase space that arises from the chiral 
separation of the degrees of freedom in the Wess-Zumino-Novikov-Witten (WZNW) model |1|. 
The WZNW model occupies a central position in conformal field theory |^. Various structures 
that emerged from its study play an increasingly important role in other areas of theoretical 
physics and in mathematics as well 0. Among these structures are the quadratic exchange 
algebras that encode the Poisson brackets (PBs) of the chiral group valued fields, gc{.xc) 
for C = L,R, which yield the general solution of the WZNW field equation as g^XL^Xn) = 
9L{.XL)g]^{xji). These exchange algebras were investigated intensively at the beginning of the 
decade ([|] - [0) motivated by the idea to understand the quantum group properties of the 
WZNW model [|l^ directly by means of canonical quantization [|l7i |18|, |T^. In accordance with 



the general philosophy of quantum groups |^ , the Poisson-Lie (PL) symmetries of the chiral 
fields should be the most relevant in this respect. 

The chiral WZNW Poisson structures found in the literature have the form 

{gc{x)'^ gc{y)] = —[gc{x)®gc{y)){r + -hign{y-x)), 0<x,y<27r, (1.1) 

where I is given by the quadratic Casimir of the simple Lie algebra, Q, of the WZNW group, 
G, and the interesting object is the 'exchange r-matrix' f. The choice of the PB is highly 
non-unique due to the fact that the gc are determined by the physical field g only up to the 
gauge freedom gc ^^ gcP ioT any constant p ^ G. In general f may depend on the monodromy 
matrix M of the chiral fields, which satisfy gc{x + 27r) = gc{x)M. There are two qualitatively 
different cases that correspond to building the WZNW field out of chiral fields with diagonal 
monodromy ('Bloch waves') or out of fields with generic monodromy. 

For Bloch waves ||, ||, |T0[, the Poisson structure is essentially unique and the associated 
r-matrix is a solution of the so called classical dynamical Yang-Baxter (CDYB) equation, which 
has recently received a lot of attention (see e.g. the review in [pl[| ). 



For chiral fields with generic monodromy, it has been argued in ||TI], [Tj] that the possible 
exchange r-matrices should correspond to certain local differential 2-forms p on open domains 
G G G, whose exterior derivative is the 3-form that occurs in the WZNW action. The precise 
connection between p and f has not been elaborated, and in most papers dealing with generic 
monodromy actually only those very special cases were considered for which f is a monodromy 
independent constant. In these cases f is necessarily a solution of the classical modified YB 
equation on the Lie algebra Q with a certain definite normalization (eq. ( |3.71 ) with ( p.64| )). 



This is a nice situation since if the same r-matrix is used to equip G with a PL structure, 
then the gauge action of G on the chiral WZNW field defines a PL symmetry. However, this 
mechanism of PL symmetry is not available in the physically most interesting case of a compact 
Lie group, because the relevant normalization admits no constant r-matrix for a compact Q. 
Thus, in addition to the problem to understand the case of a general p, an interesting question 
is whether the exchange r-matrix can be chosen for a compact group in such a way to admit a 
PL symmetry on the chiral WZNW phase space. 

In this paper we study the family of chiral exchange algebras ( |1 . 1|) concentrating on the case 
of generic monodromy (for a related investigation of Bloch waves, see [0). Our main results 
are the following. 



First, we establish the relationship between the 2- form p introduced in [0, |14| and the 



corresponding exchange r-matrix in the general case. The result is given by eq. ( |3.36| ) 
with the notations in ( ^35| ), ( ^121] ), (|3). 



Second, we point out a dynamical generalization of the modified YB equation, eq. (|3.63|) , 
whose solutions are the exchange r- matrices for generic monodromy. 

Third, we present explicitly a subfamily of the exchange r-matrices whose members are in 
one-to-one correspondence with the possible PL structures on G and admit them as PL 
symmetries. These exchange r-matrices, given by ( p.l8| ) with ( |5.22|) , contain the constant 



r-matrices studied earlier, and in another remarkable special case of them the gauge action 
of the group G becomes a classical symmetry, i.e., PL symmetry with the zero Poisson 
structure on G. They work for any (compact or not) simple Lie group. 

Fourth, we construct a family of PL groupoids that encode the dynamical YB equation 
( I3.63D analogously as PL groups encode the classical YB equation. This result generalizes 



a construction of |23] from diagonal to generic monodromy. 



The above mentioned results have been announced in p4[ without proofs. In addition to 
their detailed account, several other technical results can be found in this paper. The systematic 
exposition of the subject and the numerous examples that we present may be useful as a starting 
point for future studies. 

The organization of the rest of the paper is as follows. In the next section a necessary review 
of the chiral separation of the WZNW phase space is presented. Section 3 contains a detailed 
account of the inversion of the possible symplectic structures on the chiral WZNW phase space, 
leading to the exchange algebra (|1.1|) . Here many interesting additional issues are considered 
as well. In section 4 an alternative, shorter but less rigorous, derivation of the general exchange 
algebra is given, and a quick derivation of the exchange algebra of Bloch waves is also included. 
Section 5 is devoted to a general outline of the PL symmetries of the exchange algebra, and in 
particular to the exchange r-matrices for which the standard gauge action of G on the chiral 
WZNW field yields such a symmetry. Section 6 deals with the interpretation of the chiral 
WZNW Poisson structures in terms of PL groupoids. The paper ends with a discussion, and 
there are also two appendices containing some examples and the details of a proof. 

2 The WZNW solution space and its chiral extension 

In this section we review the structure of the WZNW Hamiltonian system concentrating on 
the possible symplectic forms on the chiral extension of its solution space, which are examined 



throughout the paper. The presentation closely follows the line of thought found in M . 

We consider a simple, real or complex. Lie algebra, Q, with a corresponding connected Lie 
group, G, and identify the phase space of the WZNW model associated with the group G as 

M = T*G = {{g,JL)\geG, Jl^^Q], (2.1) 

where G = G°°{S^, G) is the loop group and Q = C°°(5'^, Q) is its Lie algebra. The isomorphism 
of the cotangent bundle T*G with G x ^ is established by means of right-translations on G. The 



elements g E G (resp. Jl G Q) are modeled as 27r-periodic G-valued (resp. ^-valued) functions 
on the real line R. The phase space is equipped with the symplectic form 



n'' = djj daTi [Jidgg-^) +^jj daTi (dgg-^) A (dgg-^)' (2.2) 

with some constant k. Here prime denotes derivative with respect to the space variable, o" G R, 
and for any A, B & Q Ti {^B) denotes a fixed multiple of the Cartan-Killing scalar product. If 
g and the 'left- current' Jl serve as coordinates on M., then the 'right-current' is given by 

jR = -g-^JLg + t^g-'g', (2.3) 

and in the alternative variables {g, Jr) the symplectic form reads 

n^ = -dfjdaTv (jRg-'dg) -^j^J daTi (g-^dg) A (g-^dg)' . (2.4) 



Although the expression of Vf^ appears rather formal at first sight, it can be used to un- 
ambiguously associate hamiltonian vector fields and PBs with a set of admissible functions, 
which include, for example, the Fourier components oi g, Jl and Jr. We do not elaborate the 
precise meaning of the symplectic form here, since this is a standard matter in the context of 
the full WZNW model, but will face the analogous issue in the chiral context later, where it is 
much less understood. The only point that we wish to note is that in the case of a complex 
Lie algebra the admissible functions depend holomorphically on the matrix elements oi g, Jl-, 
Jr in the finite dimensional irreducible representations of G, and G x ^ is then a model of the 
holomorphic cotangent bundle. 

The phase space M. represents the initial data for the WZNW system, whose dynamics is 
generated by the Hamiltonian 



^/^^^Tr(jl + 4). (2.5) 



-f^WZNW ^ 

Denoting time by r and introducing lightcone coordinates as 

d I d I 

Xl:=ct + t, xr:=(t-t, <9l = - — = -{d^ + dr), Or = - — = -{da-dr), (2.6) 

oxl 2 oxr 2 

Hamilton's equation can be written in the alternative forms [l|] 

KdLg = JLg, QrJl = ^ KdRg = gjR, OlJr = 0. (2.7) 

Let Ai'^"'- be the space of solutions of the WZNW system. /lA'^"'- consists of the smooth 
G-valued functions g{a, r) which are 27r-periodic in a and satisfy dR^dLg g^^) = 0. The general 
solution of this evolution equation can be written as 

5'(cr, t) = gLixL)gR^ixR), (2.8) 

where {gL-,gR) is any pair of G- valued, smooth, quasiperiodic function on R with equal mon- 
odromies, i.e., for C = L,R one has gc{xc + 27i) = gc{xc)M with some G-independent M G G. 
To elaborate this representation of the solutions in more detail, we define the space A4: 

M:={{gL,gR)\gL,BeC°^{K,G), gL^^ + '^^) = 9lA^)M MeG}. (2.9) 



There is a free right-action of G on A^ given by 

G3p: (fi-L, gR) ^ {giP, gnp). (2.10) 

Notice that A1 is a principal fibre bundle over Ai'^"^ with respect to the above action of G. The 
projection of this bundle, ■& : j\4 -^ A4'^°\ is given by 

i^-{9L,gR)^g = gLgR^ i-e. g{a,T) = gL{xL)gR^{xR). (2.11) 

We can identify A4 with A1'^°' by associating the elements of the solution space with their 
initial data at r = 0. Formally, this is described by the map 

, : M'"' ^M, l: M'"' 3 g{cr, r) ^ (g{cr, 0), Ma) = {ndLg g-'){cj, Q)) e M. (2.12) 

Obviously, l*{VL'^) is then the natural symplectic form on the solution space. Explicitly, 

(i*n^){g) = -/c [d I'^daTi {g-'dRgg-'dg) +^J^'\aTT (g-'dg) A d, {g-'dg)^ l^, 

(2-13) 
Regarding now Ai^°'- as the base of the bundle i) : Ai —>■ Ai^°'' , we obtain a closed 2- form, Q'^, 
on M, 

n^:='d*{L*n^) = {LO'dyn\ (2.14) 

By substituting the exphcit formula ( |2.11| ) of {}, one finds that 



^'^{9L,gR) = KL^chirigi) + I^R^chirigR), (2.15) 

where 

kl := K, Kfl := — K, (2.16) 

and Qchir is the so called chiral WZNW 2-form: 

1 r^- , „ / _, , X / _, , X' 1, 



^cMrigc) = --J^^dxc'Tr {gc'dgc) A {gc'dgc)' - -Tr [{gc'dgcm A dMcM^'] 
Mc = gc\x)gc{x + 27r). (2.17) 



This crucial formula of Q'^ was first obtained by Gawedzki [[TJ 



It is clear from its definition that dQ'^ = 0, but il*^ is not a symplectic form on A1, since it 
is degenerate. Of course, its restriction to any (local) section of the bundle -^ : Ai —^ Ai^°'- is a 
symplectic form, since such sections yield (local) models of A^^°'. On the other hand, one can 



check that ^chir has a nonvanishing exterior derivative |11 



dn,Mr{9c) = -^Tr (Mc^dMc A Mc'dMc A Mc'dMc) . (2.18) 

Although this cancels from dfl'^, since Ml = Mr for the elements of A^, it makes the chiral 
separation of the WZNW degrees of freedom a very nontrivial and interesting problem. 



The problem of the chiral separation can be described as follows [|14[. First, recall that the 
chiral currents Jc {C = L, R) generate two commuting copies of the nontwisted affine Kac- 
Moody (KM) algebra of Q and the WZNW field (|2.8| ) is a KM primary field under the Poisson 
bracket defined by the symplectic form on Ai''^°'-. In fact, by defining Fourier components as 

J^'" := r dxce-'^^^i:i{T''Jc){xc) (2.19) 

Jo 

using a basisQ T" of ^, it can be derived from ( ^.1^ ) that the currents satisfy 

{ J^''", 4n = ffJ^'"' + 2tnKcm5m,-nI''^, Ur, J^n = 0, (2.20) 

and 

{gixL, xn), JD = e-'-^'T^g{xL, xr), {g{xL, xr), J"'" } = -e-^"^-^(a;i, xr)T\ (2.21) 

Second, the currents almost completely determine the chiral WZNW fields gc-, and thus also 
g = gigR^, by means of the differential equations 

^^cdcgc = Jcgc for C = L,R. (2.22) 

Thus it appears an interesting possibility to construct the WZNW model as a reduction of a 
simpler model, in which the left and right-moving degrees of freedom would be separated in 
terms of completely independent chiral fields gi and gR regarded as fundamental variables. It 
is clear that the solution space of such a chirally extended model must be a direct product of 
two identical but independent spaces, i.e., it must have the form 

M^^' := Ml X Mr (2.23) 

with 

Mc:={gc\gc&C'^i'R,G), gcix + 2n)=gcix)Mc McEG}. (2.24) 

The space M'^^^ must be endowed with such a symplectic structure, fi^xt^ that reduces to fl'^ 
on the submanifold M C A1^^'* defined by the periodicity constraint 

Ml = Mr. (2.25) 

It is easy to see that these requirements force Q'^^^ to have the following form: 

^extiSL, gn) = t^LKhiAai) + I^RKhiAdR) (2.26) 

where 

Kkirigc) = ^cMr{gc) + p{Mc) (2.27) 

with some 2-form p depending only on the monodromy of gc- Since in the extended model the 
factors {Mc, i^c^chir) rnust be symplectic manifolds separately, we have to satisfy the condition 

dQPj^^^ = -^Tr (Mc^dMc A Mc^dMc A Mc^dMc) + dp{Mc) = 0. (2.28) 



^We have /"^ := Tr (T^T'') and [T", T^] = f^'^T'^ with summation over coinciding indices. 



The problem now arises from the well-known fact that no globally defined smooth 2-form exists 
on G that would satisfy this condition for all Mc G G. 

There are two rather different wayouts from the above difficulty |]14|. The first is to restrict 



the possible domain of the monodromy matrix Mq to some open submanifold in G on which 
an appropriate 2-form p may be found. We refer to a choice of such a domain and a p as a 
chiral extension of the WZNW system, and will explore the structure of the associated PB in 
the subsequent sections. 

The second possibility is to restrict the domain of the allowed monodromy matrices much 
more drastically from the beginning, in such a way that after the restriction dVLcUr vanishes, 
whereby the difficulty disappears. For example, one may achieve this by restricting the mon- 
odromy matrices to vary in a fixed maximal torus of G, which amounts to constructing (a 
subset of) the solutions of the WZNW field equation in terms of chiral 'Bloch waves'. This 
second possibility is especially natural in the case of compact or complex Lie groups, for which 
there is only one maximal torus up to conjugation. The restriction to Bloch waves is equivalent 
to a partial (and local) gauge fixing of the bundle t? : 7VI — > A^'*"'. The resulting symplectic 
form is studied in detail in IE 



3 The chiral WZWN phase space 

We here investigate the structure of the chiral WZNW phase space M.c introduced in sec. 2. 
The analysis is the same for both chiralities, C = L,R, and we simplify our notation by putting 
Aichir for A4c and g, M, J, n for gc, Mq, Jc, i^C: respectively. We assume that the monodromy 
matrix M is restricted to some open submanifold G G G on which a smooth 2-form p is chosen 
in such a way that ( |2.28| ) holds. The domain in A4chir that corresponds to M G G is denoted 



by Aichir- It turns out that nfl'^f^^^, defined by (|2.2?| ) with ( p.l7| ), is nondegenerate if G is 



appropriately chosen (so that eq. ( ^.34| ) has a smooth, unique solution), and we shall describe 
the general features of the PBs on Aichir associated with this symplectic form. We will then 
consider examples, in particular the choices of p introduced in []I1[ that lead to Poisson-Lie 
symmetry on the full A4chir- 

3.1 Lie algebraic and differential geometric conventions 

Before we can turn to the task of inverting i^^chir^ ^^ need to set up some conventions. 

An element A E Q has the components Aa = Tr [ATa) and A" = Tr (AT") with respect to 
dual bases T^ and T^ of ^: 

Tr {T^T") = 5l r^ = Tr {T'^T^), I^p = Tr {T^- (3-1) 

We will use J"^ and I^p to raise and lower Lie algebra indices. Given a matrix Qa/j, we can 
define an operator Q G End(^) and an element Q E Q ® Q hj 

Q{A) = T^Q'^^Ap, Q = Q^^T^ ® Tp. (3.2) 

The matrix /"^ defines the identity operator /, and / = T^^T" is the 'tensor Casimir'. For any 
M E G, the matrix of the linear operator Ad M on ^, which we write as (Ad M) (A) = MAM~^, 

6 



will be denoted as 

Wa^iM) = Tr {T^MTpM-^). (3.3) 

The property (AdM)(AdM) = (Ad MM) yields the matrix multiplication rule 

W^^{M)r'Wep{M) = W^p{MM), (3.4) 

and we also have 

iy^„(M) = W^p{M-') = W-p\M), W^p{M)l''^W;s\M) = /,,. (3.5) 

Acting on a smooth function ip on G, we introduce the differential operators 



d 



dt 
and their linear combinations 



d 



(£„^)(M) := -^(e""M) _, (7^„^)(M) := -^(Me"") _, (3.6) 



tTa^ 



t=o' --"-'^ ' dt 



t=0' 



P±:=7^„±£„. (3.7) 

For some purposes we will use a representation A : G ^ GL{V) of G on a finite dimensional 
vector space V. The corresponding representation of Q is denoted by the same letter, and we 
put 

M^ := A(M) for M E G, T^ := A(T) for T eQ. (3.8) 

Such representations will be used (e.g. the irreducible ones) that 

Tr(T„T^) = CAtr(T,%^) (3.9) 

holds with a constant ca, and we will then write 

Tr (AB) := CAtr (AB), VA, B E End(V). (3.10) 

On the left hand side of eq. (|3.9| ) Tr is a fixed (representation independent) multiple of the 
Cartan-Killing form of Q, while tr is matrix trace over the representation space V. 

Remember that the phase space Aichir is parametrized by the G- valued field g{x), which is 
assumed to be smooth in x and is subject to the monodromy condition 

g{x + 27i)=g{x)M M E G. (3.11) 

The corresponding chiral current, J{x) = K,g'{x)g^^{x) E Q, is thus a smooth, 27r-periodic 
function of x. To define tangent vectors at g E M.chiri we first have to consider smooth curves 
on the phase space. Such a curve is given by a function 7(0;, t) E G, which is smooth in x, t 
and satisfies the deformed monodromy condition 

7(x + 27r,t) = 7(x,t)M(t) M{t) E G. (3.12) 

To make sure that the curve passes through g E Aichir at t = 0, we require 7(0;, 0) = g{x). 
A vector X[g] at g E M.chir is obtained as the velocity to the curve at t = 0, encoded by the 
^-valued, smooth function 

ii.^) ■■= i9~\^)l{^^) . .- (3-13) 



dr 



t=o 



It is useful to note that, due to the analogous property of g, the function ^ on R may be 
reconstructed from its restriction to [0, 27r]. The monodromy properties of ^(x) can be derived 
by taking the derivative of ( p.l2|) , 



i\x + 27r) = M-^S,\x)M. (3.14) 

This can be solved in terms of a smooth, 27r-periodic ^-valued function, Xj{x), and a constant 
Lie algebra element, i^o, as follows: 

e(a:) =^0+ rdyg-\y)Xj{y)g{y). (3.15) 

JO 

A vector field X on M.chir is an assignment, g ^^ X[g], of a vector to every point g G M.chir- 
It acts on a differentiable function, g ^^ F[g\, on ^4chir by the definition 

X{F)[g] = |i^[^4=o ^*(^) = ^(^''^)- ^2-^^) 

Since a vector X[g] can be parametrized by ^(x), which, in turn, can be parametrized by the pair 
(^0, ^j(a^)), we can specify a vector field by the assignments (? ^—> Cols'] ^ G and g i-^ Xj[g] G ^. 
Of course, the evaluation functions F^[g] := g{x) and J^^[g] '■= J{x) are differentiable with 
respect to any vector field, and their derivatives are given by 

X{g{x)) = g{x)i{x) and X{J{x)) = kXj{x), (3.17) 



which clarifies the meaning of Xj as well. It is also obvious from ( |3.11| ) that the monodromy 



matrix yields a G-valued differentiable function on M-cMti 9 ^-^ M = g ^{x)g{x + 27r), whose 
derivative is characterized by the ^-valued function 

X{M)M-^ = M^{x + 2tt)M-^ -^{x). (3.18) 

Having defined vector fields, one can now introduce differential forms as usual. We only 
remark that by ( p.l7| ) evaluation 1-forms like dg{x), dJ{x) or {g~^dgy{x) are perfectly well- 
defined: 

dg{x){X) = X{g{x)) = g{x)^{x), dJ{x){X) = X{J{x)) = kXj{x), 
{g-\x)dg{x)y{X)=e{x). (3.19) 

3.2 Admissible Hamiltonians and hamiltonian vector fields 

Now we turn to the following problem. For a fixed (scalar) function F on the phase space 
•M-chir, we are looking for a corresponding vector field, Y^, satisfying 

X(F) = /.fi^,,,(X,F^) (3.20) 

for all vector fields X. Notice that Y^ does not necessarily exist for a given F. We say 
that F is an element of the set of admissible Hamiltonians, denoted as H, if the corresponding 
hamiltonian vector field, Y^, exists. Our purpose is to characterize H and to describe the 
mapping U 3 F \-^ Y^. 

8 



We first compute KQ'^f^^^{X,Y) for two vector fields X and Y. Let X be parametrized by 
^{x) and further by tlie pair (^o, Xj{x)). Tlie analogous parametrization for Y is given by 77 (x) 
and the pair {rio,Yj{x)). Recall that i^^chir i^ defined by eqs. (|2.17| ), ( |2.271) , and parametrize p 
now as 

p{M) = - q''%M)TT{TaM-^dM) A TT{Tf^M'^dM). (3.21) 

The q"^ , q°'^ = —q^"', are smooth functions on the domain G G G, such that dQ^f^^^ = on 
Xichir- A simple calculation, using partial integrations and (|3.18|) , gives that 



nn'^^UX, Y) = kQ^mAX, Y) + Kp{X, F), (3.22) 

where 

fie,,,(X,F) = j^^ dxi:i(Xj{x)g{x)(r^{x)-]^M-^Y{M))g-\x)) 

- -Tr (^o(m~^F(M) + Y{M)M-^) ) (3.23) 

and 

/'27r 

p(X, Y)= dxTi (Xj{x)g{x)B^{M)g-\x)) + Tr (^0 (b^ {M) - MB^{M)M-^) ) (3.24) 

with 

B^{M) := g"^(M)T„ Tr {TpM-^Y{M)). (3.25) 

Of course, all the expressions that appear in the above formula are functions of (? G AicMr- 

Let us now suppose that FEE and apply the above formula to F := Y^ . Then the form 
of the right hand side of ( p.20[ ) implies that there must exist a smooth ^-valued function on R, 
A^[x), and a constant Lie algebra element, a^ , such that for any vector field X 

X{F) = K f"" dxTr (Xj(x)A^(x)) + kTt {^oa^). (3.26) 

This means that F E U must have an exterior derivative parametrized by the assignments 
g I— »• yl-'^(x)[5f] and g ^—>- a^[g]- On the other hand, if F is such that ( p.26| ) holds, then we may 
try to solve ( p.2(]| ) for the hamiltonian vector field. Using the parametrization of Y by r]{x), 
this leads to the following two equations: 

7]{x) - -M-^Y{M) + B^{M) = g-\x)A^{x)g{x), (3.27) 

and 

M-^Y{M) + Y{M)M-^ - 2B^{M) + 2MB^{M)M'^ = -2a^ . (3.28) 

Now it is clear that ri'{x) can be directly read off from (|3.27|) . From the identity ri'{x) = 
g'^{x)Yj{x)g{x), we then obtain that 



Yj{x)=A^\x) + -' 

K 



A^{x),J{x) . (3.29) 



This not only gives us the exphcit formula of Yj, but also means that any F G H must be such 
that the right hand side of ( ^.29| ) defines a 2TT-periodic smooth function of x. Incidentally, this 
is equivalent to the monodromy condition ( |3.14| ) applied to the hamiltonian vector field Y. To 



proceed further, we use 

Y{M)M-^ = Mri{27r)M-^ - ri{0). (3.30) 

This implies that eqs. ( p.27| ) and ( p.28| ) are not linearly independent, and they can be simulta- 
neously solved for ri{x) only if one has 



F 



a 



g^\0)\A^iO)-A^{2n)]giO). (3.31) 



We now also see that the pair {A^, a^) is uniquely determined for any FEE. Indeed, the 
restriction of A^ to [0, 27r] is completely fixed by (|3.26|) , and is uniquely extended to a function 



on R on account of the periodicity of the expression in ( p. 291 ). 

To summarize, we have shown that every element F G H must satisfy the three conditions^ 
expressed by ( |3.26| ), the periodicity of Yj(a:) in ( p. 291 ), and ( p. 311 ). Conversely, it turns out that 



these conditions characterize H. In fact, if these conditions are satisfied then the solution of 
dOTI ), dO^ ) for T] is given by 

Vix) = g-\x)A^{x)g{x) - \a^ + r{M){a^) , (3.32) 

where 

r{M){a^) = T^r''^{M)a^p (3.33) 

and the matrix r"^ is defined as the solution of the linear equation 

r°^ + (W/ - 2g/ - 2q''^W^e) r^^ = ^/"^ - ^W^^" + g"^ - q^'^W'^^. (3.34) 

This formula of ri{x) = g~^{x)Y^{g{x)) is one of the main results in this paper. 

Some remarks are here in order. First, in ( p.34| ) we suppressed the M-dependence of the 
various matrices like g^"(M) = g^"(M)J^^ and W^°' = Tr (T^MT°'M~^). Second, in terms of 
the notations given at the beginning of the section, r{M) is the linear operator on Q associated 
with the matrix r°'^{M). By introducing now the operators r±{M) and q±{M) that correspond 
to the matrices 

rf{M) = r'^^{M) ± -/"^ and qf{M) = q'^^iM) ± -r^, (3.35) 



eq. (|3.34|) can be rewritten, in fact, in the following equivalent form: 

g+(M) o r_{M) = q_{M) o Ad (M'^) o r+{M). (3.36) 

The solution can be formally written as 

r{M) = -(g+(M)-g_(Af)oAd(M"^))"^o (g+(M) + g_(M) o Ad (M'^)) . (3.37) 

^These conditions do not depend on the 2-forni p, a reason for this is described at the end of sec. 3.5. 
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This shows that one must define the domain G in such a way that the inverse operator above 
exists, which is always possible since it becomes the identity operator at M = e G G. Then 
it is easy to see that ( p.37|) yields a smooth, antisymmetric matrix function r°'^{M) on G. By 
choosing G <Z G appropriately, hence we may indeed associate with the smooth 2-form p on G 
a unique, smooth map G 3 M \-^ r{M) G End(^). Third, we will see in the next section that 
the object 

f{M)=r''^{M)Ta(S)Tf3egAg (3.38) 

appears in the classical exchange algebra that encodes the Poisson brackets corresponding to 
the symplectic form K^chir ^^^ it satisfies a dynamical generalization of the modified classical 
Yang-Baxter equation. Incidentally, /^f^chir i^ symplectic (i.e. nondegenerate) in the sense that 
it permits to unambiguously determine the map U 3 F \-^ Y^ , as we just saw, and H will turn 
out to contain a 'complete set of functions' on Aichir- 

Finally, as for the derivation of eq. (|3.34| ), note that one may arrive at the special form of 



the integration constant in formula ( |3.32 ) of 7]{x) by the expectation of a classical exchange 



algebra type PB for the field g{x), or simply by inspecting the equations that result if one writes 
r]{x) = g~^{x)A^{x)g{x) + constant. After introducing (|3.32|) as an ansatz, it is not difficult to 
verify that (^727\ ) and (^^ reduce to (g). 



3.3 Elements of H and their Poisson brackets 

Below we describe a large set of functions that are admissible Hamiltonians and apply the 
result in ( |3.32|) to find their hamiltonian vector fields. We shall also discuss the interpretation 



of these hamiltonian vector fields in terms of PBs, in particular we shall see that the field g{x) 
is subject to a quadratic exchange algebra. 

Let us first study functions that depend on g only through the current J = ng'g^^. Of 
course, the evaluation functions J-'^ig] = Ja{y) do not belong to H, since y4-^"(x) in ( |3.26| ) would 
not be a smooth function of x. Therefore we consider the 'smeared out' version 

JF^ := / dxTi (fi{x) J {x)j , (3.39) 

where fi{x) is a ^-valued, smooth, 27r-periodic test function. In this case we find that 

A^^{x)=fi{x) and a^^ = 0. (3.40) 

The conditions expressed by ( ^.2tj| ), ( ^.29] ) and ( |3.31| ) are trivially satisfied and thus JF^ G H. 
The parameter ri{x) of the hamiltonian vector field Y-^i^ is ri{x) = g~^{x)fi{x)g{x), whence 

Y^^{g{x)) = p{x)g{x), Y^^{J{x)) = [fi{x), J{x)] + Kp'{x), Y^^{M) = 0. (3.41) 

This shows in particular that JF^ generates an infinitesimal action of the loop group on the 
phase space with respect to which g{x) is an affine KM primary field, and the KM current 
J{x) transforms according to the coadjoint action of the (centrally extended) loop group, as 
expected. Naturally, the local functionals of J defined as the integral over [0, 27i] of any differ- 
ential polynomial in the components of J, with periodic, smooth test function coefficients, also 
belong to H; the corresponding hamiltonian vector ffelds are easy to determine. 
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Now we study some nonlocal functionals of the current. Let S E G denote the path ordered 
exponential integral of J{x) over [0,2-71]. More precisely, we put S := E(2tt), where E{x) G G 
is defined as the solution of 

kE'{x) = J{x)E{x) with ^(0) := e E G. (3.42) 

Let ip be an arbitrary smooth function on G. Introduce a corresponding function, $, on the 
phase space by 

m--=^in- (3.43) 

From the well-known formula of the variation of E{x), we obtain that 

A*(x) = - (e(x)T''E~\x)) (naifi)(£) and a* = 0, (3.44) 



where T^q, is defined in (T^). It follows that the conditions imposed by ( ^.26 ) and ( 3.29| ) are 



satisfied, actually from (|3.29| ) we get Y^i^Jix)) = 0. However, $ does not belong to H in general. 



By means of ( |3.44|) we get that 

AtiO) - Ati27r) = i {V-^) {£) {V- = 7^. - £.). (3.45) 



Because of the condition ( |3.31 ), this means that $ G H precisely if (p is an invariant function on 



G with respect to the adjoint action of Q on G. Examples of invariant functions are furnished 
by the trace of £^ (fc = 1, 2, . . .) in some representation. That only the invariant functions of £ 
are admissible is a well-known result in the context of current algebras, where they provide the 
Casimir functions of J . In our context, we obtain from the above that for an invariant function 

Y''{g{x)) = -g{x)T%n^^){M), r*(J(x)) = 0, F*(M) = 0. (3.46) 

To derive these, we used that, since g and E satisfy the same differential equation, g{x) = 
E{x)g{0). Hence M = g~^{0)£g{0), and for an invariant function 

g-\0)T"g{0) (7^,^) {£) = T" (7^„<^) (M). (3.47) 

The monodromy matrix M is not a function of J alone, but its invariant functions coincide 
with those of £, and we have just seen that these functions belong to H. Let us now take an 
arbitrary smooth function, ^, on G and associate with it a function, \l/, on the chiral WZNW 
phase space by ^[(?] := ^(M). Using ( p. 181) and the definition of the parameter of a vector 



field, eq. ( p.l5| ), one gets that 

A^(x) = -(g(x)T''g-\x))('}Z^ij)(M) and a* = -T"(r'-^)(M). (3.48) 

It follows that \I' G H. For the hamiltonian vector field we obtain Y^{J{x)) = and 

g~\x)Y''{g{x)) = i-T" {v+^) (M) + ^T^r"^{M) (v^^) (M). (3.49) 
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Let us elaborate this for the functions defined by the matrix elements of M in some represen- 
tation A of G. We denote these matrix elements as M^^ and denote by gfAx) the corresponding 



matrix element of g{x). Now we shall use f{M) in ( p.38D and 



f±{M) = r{M) ± -/, Ml = M (g) 1, M2 = 1 ® M. (3.50) 



Then (|3.49|) can be rewritten in the tensorial form 



Y'^kgUx)) = kgix) ® M e{M))l^, (3.51) 

where 

e(M) := f+{M) - M2^f4M)M2 (3.52) 

is taken in the corresponding representation of Q, and our notation is {K ® L)ik,ji = KijLki- 
Furthermore, we obtain 

F*^*Vm/^) = -fM®MA(M))^ (3.53) 

with 

A(M) := e(M) - Mf ie(M)Mi. (3.54) 

We shall comment on the interpretation of these equations later on. 

The PB of two smooth functions Fi and F2 on a finite dimensional smooth symplectic 
manifold is defined by the standard formula 

{Fi,F2} = F^^(Fi) = -Y^'{F2) = n{Y^\Y^'), (3.55) 

where Y^^ is the hamiltonian vector field associated with Fi by the symplectic form Q. The 
so obtained Poisson algebra is closed under pointwise multiplication of the functions as well as 
under the PB. One may formally apply the same formula in the infinite dimensional case to 
the admissible smooth functions that possess a hamiltonian vector field. However, it then may 
be a very nontrivial problem to fully specify the set of functions that form a closed Poisson 
algebra, and are a complete set in the sense that they separate the points of the phase space. 
In our case, it is clear from the foregoing formulae that the products of local junctionals of the 
current J and the smooth functions of the monodromy matrix M form two subsets of H that are 
separately closed under the PB. Moreover, these two subsets commute with each other under 
the PB (they should clearly be each others centralizer in an appropriate Poisson algebra). But 
they do not form a complete set of functions on our phase space, since the fundamental field 
g{x) cannot be completely reconstructed out of J(x) and M. 

Let us again consider a representation A : G ^ GLiV) of G. Since the evaluation functions 
F^Ag] = gfj{x) are not elements of H, we smear out the local field and define 

FM ■■= [^ dxTi (<P{x)g\x)), (3.56) 

where : R h-i> End(V") is a smooth test function. It is then easy to see from ( ^.26] ) that 



A^^{x) = -g{x)T^g-\x) r dyTi U{y)g\y)Tt) for x G [0,27r], 

T" j^^ dyTi (ct^{y)g\y)T^) . (3.57) 



1 /■2'f 
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By inspecting the condition that Y^'>'{J{x)) in ( |3.29|) must be periodic, we find that F^ G H for 
those that satisfy 

0W(O) = 0(^)(27r) = O, fc = 0,l,... (3.58) 

Assuming that this holds, the hamihonian vector field Y^'f' is obtained from ( ^.321 ) as 
g~\x)Y''^{g{x)) = -T" ^ dyTi (T^4>{y)g\y)) - l-a^^ + r{M){a^^), x G [0,27r]. (3.59) 

K Jx ^ 'I 

This permits the following interpretation. Let us define the 'Poisson bracket' of the evaluation 
functions by the equality 



F^^(F^) := {F^,F4 := J^^^^ dxdyTi u (x(x) ® <P{y) {/(x) ® g\y)}) , (3.60) 

where Tr 12 means the normalized trace over V ®V and 

{/(x) ? /(y)},,_^, = {9U^),9tiy)} ■ (3.61) 

With these definitions, formula (|3.59|) of the hamiltonian vector field is equivalent to 



{/(a;) f /(y)} = i(/(x) ®/(i/))(f(M) + ^/sign(|/-x))^ 0<x,y<2n. (3.62) 

Indeed, upon integration the right hand side of ( |3.60D equals Y^'i'{F^) for any functions (p and 
X subject to ( |3.58| ). This equation has the form of a quadratic exchange algebra type PB for 



the field g{x). Such a classical exchange algebra is usually regarded as a classical analogue of a 
quantum group symmetry in the chiral WZNW model, but observe that in general our r-matrix 
is monodromy dependent. 

The admissible Hamiltonians of type JF^, \E' and F^ that we studied in the above should 
together generate a closed Poisson algebra. Although at present we cannot fully characterize 
the set of elements that belong to this algebra, we wish to point out that the Jacobi identity 
for three functions of type F^, in any Poisson algebra that contains them, is equivalent to the 
following equation for f{M): 

[fi2(M),f23(M)] + e„^(M)Tf7^^f23(M) + cycl. perm. = ~f. (3.63) 

Here 

f = fa,3yT^^T^^T'^ (3.64) 

and the cyclic permutation is over the three tensorial factors with f23 = r"^(l ® Ta ^ T/3), 
T" = T" ® 1 (S> 1 and so on. Furthermore, we use the components of = QapT"" ® T^ given by 
( |3.52| ), for which 

Qc.pn^ = \v+ + rJV-p. (3.65) 

Eq. ( p.63| ) can be viewed as a dynamical generalization of the classical modified YB equation. 



to which it reduces if the r-matrix is a monodromy independent constant. Of course, (|3.63| ) is 



satisfied for any r{M) that arises as a solution of ( |3.34| ), since the Jacobi identity is guaranteed 
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For later reference, let us comment here on the analogue of eq. ( p.63| ) that appears in 
connection with chiral WZNW Bloch waves. The space of Bloch wavesQ in question is defined 
as 

M Bloch ■■= {b eC^{R,G)\b{x + 271) = bix)e'^, cueAcH}, (3.66) 

where .4 is a certain domain in a Cartan subalgebra Ti of Q. There is a natural symplectic form 
on this space, which is induced by the embedding Aisioch C. Aichir and is given by Kfisioch with 



Q 



Bloch 



(b) 



- r dxTi (b-^db) A (b-^db)' - -Tr ((r^d6)(0) A du) . (3.67) 



It is known p|, ||, |Tol (for a proof in the spirit of the present paper, see [|^) that the PBs 
associated with ( p.67| ) are encoded by the following classical exchange algebra: 



{b{x) f b{y) } = - {b{x) ® b{y)) (n{u) + -/ sign {y 



X 



< x,y <2']T, 



^ a ^ 



(3.68) 



(3.69) 



The domain A is chosen so that a{ijj) ^ 22'7rZ for any root a and the root vectors Ea satisfy 
the normalization Tr {EaE^a) = j^- As was first pointed out in [|], the Jacobi identity of the 
PB in this case gives rise to the equation 



[7^12 ((^), ^23 (^)] +T.Hij^n23{uj) + cycl. perm. = -]f, 

k 



duj^ 



(3.70) 



where ojk = T^t^ {ujHi^) with respect to a basis H^ of H whose dual basis is denoted as H'^. 
The same classical dynamical YB equation appears in other contexts pR EB, 12^, too, and has 



recently received lot of attention |21, 23, 28, 29 



3.4 Constant exchange r-matrices 

We have seen that any symplectic structure n^^hir ^^ -^chir gives rise to a PB of the form 



(|3.62| ) governed by an 'exchange r-matrix' f{M), which is a solution of eq. (|3.63|) . Those cases 
for which the exchange r-matrix is M-independent have already been discussed by Falceto- 

here is that one can construct an appropriate 



Gawedzki ||Tj] and others. The main point 

2-form p out of any constant, antisymmetric solution f of the modified classical YB equation. 



[^12,^23] + [^3,^23] + [^2,^3] = -^/, 



(3.71) 



and then the same r appears in the exchange algebra determined by k^cMv We below present 



the construction of ||I^, showing that in our formalism it is easy to give a complete proof as 
well. 

All antisymmetric solutions of ( p.71|) are known. In fact, Belavin and Drinfeld |3^ classified 
the solutions in the case of a complex simple Lie algebra and their solutions belong also to the 
normal real form. For other real forms very few solutions survive (see Theorem 3.3 in ||31|| ). 

■^In this context Q is either a complex simple Lie algebra or its normal or compact real form. 
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There is no solution for the compact real form, because of the negative sign of the coefficient 
on the right hand side. To explain the mechanism [|T^] whereby constant exchange r-matrices 
appear in the chiral WZNW model, we first need to recall a few standard results on eq. (|3.71|) , 
which can be found in the reviews (e.g. [Tl, p2[). 

In association with a solution of ( p.71| ), f = r°'^Ta ®Tp G Q /\Q, one has the constant linear 
operators r and r± = r ± ^I. It follows from ( p.71|) that the formula 



[A,Bl = [r{A),B] + [A,r{B)], 



A, Beg, 



(3.72) 



defines a new Lie bracket on the linear space Q; the Lie algebra {Q, [ , ]r) is denoted as Qr- 
Then r± : Qr ^ Q are Lie algebra homomorphisms, 

[r±{A),r±{B)]=r±{[A,B]r). (3.73) 

Any A E Q can be decomposed as 

A = A+-A_ with A±:=r±{A). (3.74) 

As a consequence of ( p.73|) , one has the following equality of linear operators on Q, 

exp (ady4±) o r± = r±o exp (adr-A) WA G Q. (3.75) 

Here adA and ad^A are defined by {a.dA){B) = [A, B] and {a.drA){B) = [A, B]^ for any A,B E 
Q. Note also that there exists a neighbourhood of the unit element in G, now denoted as 
G G G, whose elements, M E G, admit a unique decomposition in the form 



M = M+ MZ^ with M± = e^±, 
where V varies in a neighbourhood of zero in Q. On G one has 

M-^dM = M_ (^M-^dM+ - MZ^dM.) Mz\ 
Let X be an arbitrary vector field on G. By means of ( p. 731) , ( p. 771) leads to 

Mg^dM±{X) = (MZ^M-^dM{X)M. 



(3.76) 



(3.77) 



(3.78) 



On the right hand side the subscript refers to the decomposition ( p.74| ). 
According to [|l^, the definition 

p{M) := -Tt [M-^dM+ A MZ^dM_) 

yields a 2-form on G for which 

dp = -Tr (M-^dM A M~^dM A M-^dM) on G. 



(3.79) 



(3.80) 



It is straightforward to verify ( ^.801 ) by using ( ^.78| ), ( |3.73| ) and the antisymmetry of the r- 
matrix, which imply e.g. that Tr (A+[5+, G+]) = Tr (A_[5_, C_]) for any A,B,G e Q. 
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Coming now to the main point, let us define AicMr C Aichir to be the submanifold where 
the monodromy matrix is restricted to G. Thanks to ( ^.80[ ), p in ( |3.79| ) yields a symplectic 
form nn^^f^i^ by j ^^ . It is stated in (without a proof) that the PB ( ^1621) on Mchir that 



results is in this case governed by the same constant r-matrix f out of which p ( |3.79| ) has been 
constructed. Our formalism permits us to prove this important result as follows. 

First, we need to rewrite the 2-form p in (|3.79|) in the notation used in (3.20). With the aid 
of ( p.78| ), we obtain that 

g"^(M) = iy"^(M_)r^eiy''^(Mr^). (3.81) 



where we employ the notation of ( |3.3| ). Here Vap refers to the solution of ( |3.71| ) that we used 



to define p, and we have to show that this monodromy independent r-matrix also solves the 
defining equation of the exchange r-matrix, eq. (I 



As a consequence of (|3.81|) , for the operators r± and q± that appear in (|3.36|) we have 

g±(M) = Ad (M_) o r± o Ad (Mr^). (3.82) 

By using this together with M = M^Mz^ ( |3.76| ) and Ad M± = exp (ad T±), the desired identity 
(|3.36| ) becomes equivalent to 

r+ o exp (—ad r_) o r_ = r_, o exp (—ad r_|.) o r_|_. (3.83) 

Because of ( |3.75| ), the last equation is in turn equivalent to 

r+ o r_ o exp (— ad^F) = r_ o r_(_ o exp (— ad^F) , (3.84) 

which is obviously valid since the operators r_|_ and r_ commute. This proves that the constant 
r-matrix underlying p in ( p.79[ ) does indeed coincide with the exchange r-matrix associated by 
(|3.36| ) with the corresponding symplectic form t^fi^hir- 

A well-known feature of a constant exchange r-matrix is that it naturally admits a Poisson- 



Lie action of the group G on M.chir- Observe that if f in (|3.62|) is independent of M, then the 
Poisson structure on Mchir smoothly extends to a Poisson structure on the full J^chir- At the 
same time, one can give G the structure of a PL group by the definition [^, |34 



{h®h} = -[f,h0h] heG. (3.85) 

Then one obtains a natural (left) PL action of G on Aichir by the map 

Mchir xG3 {g,h)^ gh'^ G Mchir- (3.86) 

Indeed, this is a Poisson map ii Mchir x G carries the direct product of the exchange algebra PB 
on Mchir and the Sklyanin bracket ( |3.85| ) on G. In the present case, the meaning of eqs. ( |3.51| )- 



(|3.54| ) is that Mchir ^ 9 ^~^ M = g ^{x)g{x + 27r) provides the 'non-Abelian' momentum map 
for this PL action. (Of course, an equivalent right PL action is obtained by replacing 



h~^ with h and using the opposite of the PB on G.) 

The above mechanism cannot be used to define a PL symmetry on Mchir in the case of a 
compact Lie group G, since ( p.71|) has no solution for a compact Q. This is somewhat puzzling 
since as a quantum field theory the WZNW model is usually considered in the compact domain, 
where various manifestations of quantum group symmetries were found in the literature [ p!6[] . 
Later we shall see that PL symmetries can be defined on the chiral WZNW phase space by 
certain mechanisms different from the one described above, and they work in the compact case 
too. 
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3.5 A parametrization of Adchir and classical ^-symmetry 

We below introduce local coordinates on the chiral WZNW phase space consisting of a periodic 
G-valued field and the logarithm, F, of the monodroniy matrix. This will lead us to realize the 
existence of a special choice of p such that with respect to tf^chir ^ generates an infinitesimal 
symplectic action of Q on AicMr, i-e., a classical ^-symmetry. The parametrization will also 
shed a new light on the notion of admissible Hamiltonians. 

If the monodromy matrix M is near to e G G, then the chiral WZNW field can be uniquely 
parametrized as 

g{x) = /i(a;)e^^, (3.87) 

where h{x) is a G-valued, smooth, 27r-periodic function and F varies in a neighbourhood of zero 
in ^, ^ C ^, for which the map Q 3 T h^ M = e^^^ G G C G is a diffeomorphism. We may 
identify a domain in Aichir with the corresponding space of parameters, 

McMr = Gxg = {{h,T)}. (3.88) 

An easy computation gives the following formula for Qchir (P.17| ) in this parametrization: 



n,Uh, r) = nl,(/i, F) - po(r), (3.89) 

where 

nO^.^(/i,F) = -^ / dxTi (h~^dh A [h-^dh]') +d rfxTr {vh-^dh) , (3.90) 

po(F) = -- r dxTi [dV A rfe^'^e"^^) . (3.91) 

2 JO ^ ^ 

Taking into account that M = e^'^^, it is not difficult to verify that 

dpo{r) = -Tr (^JVr^dM A M-^dM A M-^dU) . (3.92) 



Upon comparison with ( |2.18|) , this implies that dfl'^i^^j, = 0, which one can check directly as well. 



Recalling eq. ( p.28|) , we then notice that the 2-form p in (|2.27|) in this case can be parametrized 



by an arbitrary closed 2-form (3 on Q as 

p(F)=po(r)+/3(F), dP{T)=0. (3.93) 

By ( |2.27| ) we thus have ^^hir — ^chir + P^ i^ particular fi^hir — ^chir- ^^ order to determine 
the exchange r-matrix, fo, corresponding to po, we note that the integral defining po can be 



computed in closed form. In fact, the linear operator, go, associated with its matrix in ( P3 
according to ( |3.2| ) turns out to be^ 



2V + e^^ — e^ 
1'= 2iey-l)il-e-y) "^''^ 3^:=2vr(adF). (3.94) 



The expressions in eqs. ( 3.94| ), ( p. 95 ) are defined by the power series expansions of the corresponding 

(2fc)! V2- 



complex analytic functions around zero. For instance |g^, 2ro = X^fc^i ^(2^m'° (i^)'^*^ ^ 
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Then from eq. (|3.36| ) we find the hnear operator version, Tq, of the exchange r- matrix as 



ro = ^coth^-i. (3.95) 



By means of (|3.62|) this r-matrix defines one of the possible monodromy dependent exchange 



algebras for the chiral WZWN field, and it also represents a nontrivial solution of ( |3.63|) . In the 
knowledge of the r-matrix, the PBs containing M can be determined straightforwardly from 
( |3.51| ), ( |3.53|) . In particular, it is easy to see that the hamiltonian vector field generated by the 
function Fq, = Tr {TcX) gives rise to the PBs 

{g{x),fc,} = -g{x)Tc, and {f „, f^} = /J^f ^ for f « := -27rfi;r„ . (3.96) 

This means that in the case of the symplectic form t^^^^hir ^^^ logarithm of M generates a 
classical ^-symmetry on M-chir- Indeed, the momentum map corresponding to this symmetry 
is just r. A classical ^-symmetry is sometimes called 'Abelian' to contrast it with a proper 
('non-Abelian') PL symmetry, for which the symmetry group itself is endowed with a nonzero 



PB 32 



The above construction is valid for any simple Lie group. Perhaps even more surprisingly 
than the possibility to define a classical ^-symmetry on M.chir for any Q, in sec. 5 it will turn 
out that the symplectic structure on M.chir can be chosen so as to be compatible with any 
prescribed PL structure on G. 

Now we explain how the characterization of the admissible Hamiltonians found in sec. 3.2 
appears in the coordinates (/i, P). For this, we first remark that on account of ( |3.88| ) it is 
natural to represent a vector field X on M.chiT as 

X = (X^,Xr) X^enG Xreg (3.97) 

with h^^Xh G Q. By regarding h and F as evaluation functions, we may write Xh = X{h) 
and X-p = X(r). Of course, the derivative X{F) of function F on Aichir with respect to X is 
still defined by means of a curve to which X is tangent. Let us call a function F periodically 
differentiable if its derivative with respect to any X exists and has the form 

X{F) = {dF,X) = Tr (rfri^Xr) + I " Tr [{h~'dhF){h-^Xh)) (3.98) 

with the exterior derivative 

dF = {dhF, dvF) dhF e T^G d^F e G, (3.99) 

where h~^dhF g ^ by the natural identifications. Our point then is that the periodically 
differentiable functions coincide precisely with the admissible Hamiltonians. To prove this, 
recall that the definition of an admissible Hamiltonian was that its derivative exists with respect 
to any vector field and has the form p.26|), where A^ assigns to any g G M.chir a smooth Q- 



valued function on R such that ( |3.29|) gives a 27r-periodic function, and a^ is given by (|3.31| ) 



If we now suppose that the derivative of a function F has the form in (|3.26|) , where A {x) is 
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a smooth function on R, then by inserting the parametrization ( p.87| ) and performing a few 
partial integrations we obtain 



X{F) = l^dxTi {x{Kg'g-')A^) + /tTr {g-\0)X{g{0))a 

= j\xTi {{X{h)h-') {-K{A^y -[A'',Kg'g-'])) 

+kTt (x{r) r dx{g-^A^g)\ + k T dxTi {[e-'=^X{e''^),r]{g~\x)A^{x)g{x)) 
+kTt {{g-\0)XgiO)) {a"" + g~\0)[A^i2n) - A^{OMO))) (3.100) 



for any vector field X on Xichir- Clearly, this formula can be rewritten in the form of ( p.98D if 
and only if 

a^ + g'\0)[A^i2n) - A^iOMO) = 0, (3.101) 

- idhF)h-' = KiA^y + [A^, Kg'g-^] (3.102) 

and 

dxTi ((X(r) + [e-"^X(e"^),r]) (r-^ '^ - 

r2-K 



Tr {X{Y)dvF) = K f" dxTi ((x(r) + [e-"^X(e"^), T]) [g-^A^ 

= nTdxTi ([e-''^X{e''^))'{g-^A^g){x)] 

= kTt (x{r) r dx{h-^A^h){x)y (3.103) 

The last equality follows by an easy calculation, and it implies that 

dTF = K I" ih'^A^h)ix). (3.104) 

Jo 

We conclude that a function F for which X{F) has the form of the first line in (|3.100| ) is peri- 
odically differentiable if and only if (|3.101|) is satisfied and the right hand side of ( p.l02| ) defines 
a smooth, 27r-periodic function. In particular, all admissible Hamiltonians are periodically dif- 
ferentiable. Conversely, every periodically differentiable function is admissible in the sense of 
sec. 3.2 since it is possible to uniquely determine {A^ , a^) in terms of {dhF, d^F) in such a way 
(|3.98| ) is converted into the first line of ( |3.100| ). To achieve this, if {dhF,drF) are given, one 



has to solve the differential equation (|3.102|) together with the condition in ( p.l04| ) for A^{x), 
and then one may define a^ by ( p.l01| ). It is not difficult to show that, since F is restricted 
to Q, ( p.l04| ) has a unique solution for the initial value ^4^(0) of A^{x), which completes the 
proof. 

4 Kinematical derivation of the Poisson brackets 

In this section we rederive the PBs of the chirally extended WZNW model using purely 'kine- 
matical' considerations. Instead of explicitly inverting the symplectic form, we postulate the 
natural properties of the chiral extension (which we have established in the symplectic formal- 
ism) and this way we can reproduce the quadratic exchange algebras ( |3.62|) and ( p.68| ) almost 
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effortlessly. This is especially so in the case of Bloch waves, where the dynamical r-matrix 
( |3.69| ) is determined algebraically. The subsequent considerations are complementary to the 



symplectic approach presented in sec. 3 and, for Bloch waves, in [^. The kinematical deriva- 
tion sheds a new light on the origin of the chiral exchange algebras, and some issues are also 
easier to discuss in this approach. 

We have seen in sec. 2 that it is very natural to extend the WZNW phase space as 

M^M'"^ -^ M''^' = Ml X Mr, (4.1) 

where Ai^ and Mr are two identical copies of the chiral phase space characterized by the 
smooth, quasiperiodic chiral fields gc{x + 2n) = gc{x) Mc , C = L,R. Since the separation 
of the chiral degrees of freedom is an essential feature of the WZNW model, we shall assume 
that A4l and Mr are independent and they are equipped with the same symplectic structure 
(up to an overall sign difference, see eq. ( 2.16| )). The corresponding Poisson algebra will be 



supposed to contain the important Hamiltonians JF^, \E' and F^ studied in sec. 3.3. The further 
main assumptions of the kinematical approach are that the constraints Ml = Mr are first class 
and the corresponding gauge transformations^ operate according to ( p.lO| ) so that the WZNW 



solution g{<7,T) = gLi^i) Qr^Ixr) is gauge invariant. These assumptions, together with simple 
properties of the original WZNW phase space M'^°'', allow us to reproduce the PBs ( ^.62[ ) and 

(S). 



4.1 The chiral Poisson brackets for generic monodromy 

From now on we mainly concentrate on the chiral half of the problem and, for notational 
simplicity, omit the subscript C, wherever it is possible. 

We start by noting that because the Fourier components of the left KM current belong to 
the space of admissible Hamiltonians, acting on the left chiral field they must generate the 
transformation 

[j^,g{x)} = -Te-'""^(x) , where J^ := ^ dx c-'^'^'Tt {TJ{x)) , (4.2) 

which means that the chiral field is a KM primary field. This crucial relation can be obtained 
by first noting that on the submanifold of M'^^^ defined by imposing the constraint M^ = Mr 
( |2.21| ) holds for the product (|2.8| ) that gives the WZNW solution. The gauge invariance of the 
solution field and the fact that the different chiral pieces completely Poisson commute then 
allow us to derive ( |4.2| ). Of course, an analogous relation is valid for the right-moving fields. 

An other quantity which, by assumption, belongs to the space of admissible Hamiltonians 
is the monodromy matrix M. From ([4.2|) it follows that 



{Jt,m} 



0, (4.3) 



which is obvious because M is invariant under the KM transformations. For later use we 
note that a quantity which Poisson commutes with the Fourier components of the KM current 



^ In the rest of the paper, when considering gauge transformations or G-symmetries, we shall always assume 
that the domain of allowed monodromy matrices, G C G, consists of full conjugacy classes in G. If this did not 
hold, everything would still be true for infinitesimal gauge transformations or tj-symmetries. 
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must be a function of the monodromy matrix M. (This is most easily seen by using the 
parametrization ( [j.87] ).) 

We wish to determine the PBs of the 'smeared out' fieldQ 







27r 

dxli (0(x)c/(x)) , (4.4) 



where the matrix valued test function 0(x) satisfies ( p. 581 ). Note that while in the symplectic 



approach of sec. 3 the fact that F^ is an admissible Hamiltonian follows from the properties of 
the symplectic form, here it is an additional assumption. In order to compute the PBs with F^ 
it is enough to find 

B^{x):=[F^,g{x)} (4.5) 

for < x < 27r {B^{x) corresponds to —Y^'>'{g{x)) in sec. 3.3). To constrain B^{x) we apply 
( |4.2| ) to F^ and then using the fact that F^ is an admissible Hamiltonian we obtain the local 
form 

{f^, J(x)} = Tr (0(x)T"(7(x))t, . (4.6) 

Comparing ([4.5|) and ( [4.6|) leads to the differential equation 



kB'^{x) - J{x)B^{x) = Tr [<f){x)T^g{x))T^g{x) , (4.7) 

whose solution is 

M^) = TT rdysignix-y)TiUiy)g{y)T'')gix)T^ + gix)U^, (4.8) 

Zk Jo ^ ' 

where 

t/0 = f/^"T„ (4.9) 

is a constant element of the Lie algebra. If we consider Ft, an other Hamiltonian of type F^ 
belonging to a smearing function 0(a;), and use the antisymmetry of the PB {F^, Ft}, we obtain 

\jfK = -VlK. (4.10) 

where 

0, := ^"^ rfxTr [^{x)g[x)T^ (4.11) 



and 00, is defined analogously. Eq. ( l.lOj ) implies that f/? is a linear combination of the integrals 
(/)q, of the form 

f/" = --r"%, (4.12) 



where r"^ = — r^". By means of (f4.12|) , (|4.8| ) becomes equivalent to the classical exchange 
algebra 

{^(x) ®^(y)} = -^(x)®^(l/)(f + -/sign(t/-x)), 0<x,|/<27r, (4.13) 



Here some representation A of G is used like in ( 3.56 ), but henceforth A is omitted from aU notations 
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where the r-matrix f = r'^'^Ta ® T^ is an x-independent constant. Of course, as before, ( |4.13| ) 
has to be interpreted in the distributional sense. 

Although x-independent, the r-matrix can still depend on the phase space. This latter 
dependence can be restricted by Poisson commuting J^ with ( |4.13| ) and applying the Jacobi 
identity. In this way we get 

{j^,r"^} = 0, (4.14) 

which implies, as explained earlier, that f must be a function of M alone. 

Next we consider the PBs of the monodromy matrix. Using ( ^.5| ), ( |4.8| ) and ( [4.12| ) we get 



{f^,m} = g'\x)[B^{27r)-B40)M) = -J>^ {h^MT'^ ^ T'^ M) ^ r^\MT p - T pM)\j (4.15) 
and because M is an admissible Hamiltonian this implies the local form 

\g{x) ®M\ = -g{x) ® MQ{M) , (4.16) 

where is given by ( |3.52|) . We obtain in a similar way that 

{m^ m} = -M^ MA(M) (4.17) 



with A defined in ( p.54|) . 



To ascertain that our construction is self-consistent, we now show that 

C = Ml-Mr^Q (4.18) 

is a first class constraint on A^*^^* and the WZNW solution is gauge invariant. In fact, C is first 
class since 

{C^C} = {MLfML} + {MR^MR} 

= -{ML®MR)A{ML)--(Mn®Mn)A{MR)^0. 

Similarly, the gauge invariance of gio^ r) in (|2.8| ) can be shown as follows: 

K{g{a,T)^C\ = [gLixL)0ML)e{ML){gR\xR)0l) 
- {9l{xl) ® Mn)e{MR)[g]^\xR) ® l) 
^ (gLixL) ® m) (e(ML) - e{MR)) (gR^XR) ® l) ^ . 



Here the notation ^ indicates 'weak' equality, i.e., equality on the constrained manifold, and 
we used the assumption that Xii and /Ar are independent and carry opposite PBs. 

For later use we mention an additional consistency check. Consider the path ordered integral 



S = E{2tt) defined in ( |3.42| ). Since £ and M are related by conjugation, their invariants 
coincide: 

En = Tr (S^) = Tr (m^) = ttin, (4.19) 
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and since the PBs of the Hamiltonians e^ can be calculated unambiguously using the KM 
algebra only, the following relation must hold: 

{g{x),mN} = {g{x),eN} = ^g{x)T''TT [m^'T^] . (4.20) 



It is easy to verify by using (|3.52|) in ( [4 .161) that ([4.20|) is indeed satisfied 



To summarize, by postulating the Ml = Mji constraint to be first class, as well as the 
admissible Hamiltonian nature of the Fourier components of the current, the smeared out 
chiral field and the monodromy matrix, we have established that the possible extensions of the 
WZNW phase space correspond to the quadratic exchange algebra ([4.13 ) with some monodromy 



dependent exchange r-matrix. Of course the classical exchange algebra can only provide a valid 
PB if it satisfies the Jacobi identity. This is guaranteed, by construction, if the r-matrix 
is obtained as a solution of ( p.36| ). In the present approach, we have to impose the Jacobi 
condition and, as mentioned in sec. 3.3, this leads to the dynamical YB equation ( p.63| ). The 
chiral extensions of the WZNW model are thus characterized by the solutions of this equation. 
Most known solutions of ( |3.63D are local in that they are defined only on a proper, open 



submanifold G C G. This is obviously the case for the solutions obtained by solving (|3.36| ) 



for the r-matrix, starting from a q- matrix representing by ( ^.21| ) a local solution of ( |2.28| ). On 



the other hand, as the example of constant r-matrices shows, there are global solutions as well. 
Since constant solutions exist for non-compact groups only, an interesting open question is 
whether there exist globally defined exchange r-matrices also for compact groups. We hope to 
return to this question in a future study. 

We end this subsection by discussing a generalization of the 'gauge' freedom ( |2.10| ) of the 
chiral extension. It is clear that the gauge transformed chiral fields given by 

g{x) ^ {Vg){x)=g{x)p{M) (4.21) 

with an arbitrary monodromy dependent group element p{M) correspond to the same point 
in the physical phase space after the projection ( pi.llD , provided we apply the same gauge 
transformation to both chiral fields. In other words, both the original fields, g{x), and the 
gauge transformed fields, g{x) := g{x)p{M), are smooth quasiperiodic G-valued 'coordinates' 
of the same point in the physical phase space. 

The multiplication law for two elements, "Pi, 7^2, of this huge gauge group is given by 

Pi2{M)=p2{M)piiV2M), (4.22) 

where pi,p2 and pu correspond to 7^1,7^2 and 7^12 := 7^17^2 := Vi o V2, respectively. Here 

VM := p-\M)Mp{M) (4.23) 

is how the monodromy matrix itself is transformed under a gauge transformation. To qualify as 
an element of the gauge group we must also require that the inverse transformation exists. This 
is equivalent to requiring that the group valued function, p{M), corresponding to the inverse 
element, V~^, exists and solves 

p{M)p{VM) = e . (4.24) 
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In terms of the new 'coordinates' g{x) defined by ( [4 .211 ) the exchange algebra has the same 



form as ( |4.13| ) with a gauge transformed exchange r-matrix, r. On account of the Leibniz rule 



of the PB, one finds that 

r = p-i(M)®p-i(M)(f(M) + e"^[T,®^^-^^®T„]+A"M«®^^)p(M)®p(M), (4.25) 

where Aa '■= (7laP)p~^ and f should be expressed as a function of the gauge transformed 
monodromy M := VM. Since the Jacobi identity of the exchange algebra ( [4.13[ ) is independent 



of the coordinates used, it is clear that the solutions of the dynamical YB equation ( p.63|) are 
transformed into each other by the elements of the gauge group and therefore can be classified 
up to gauge transformations. 

4.2 Diagonal monodromy 

Below we briefiy outline a kinematical derivation of the PBs on the space of chiral WZNW 
Bloch waves, Ai Block defined in (|3.66| ). In order to emphasize their diagonality, we denote the 



monodromy matrices of the Bloch waves, b{x), here by D, 

D = e^'^^ , (4.26) 

where Hk are the basis elements of a splitting Cartan subalgebra of Q. We will also use the 
derivatives du = jf-k ■ 

The assumptions and the main steps of the construction (with obvious modifications for the 
diagonal case) are the same as discussed above for the general case. Now we obtain a classical 
exchange algebra of the form 

{b{x)fb{y)^ = -b{x)®b{y){f{uj) + -isign{y-x)y 0<x,y<2'K. (4.27) 



The main difference comes from requiring ( [4.20|) , because, unlike in the general case where 



it was a consequence of the exchange algebra, here it completely determines the PBs of the 
monodromy matrix: 

{b{x) fD} = -(6(x) ® D) {Hk ® H'') . (4.28) 

On the other hand, the analogue of (|4.16| ) implied by (^4-271) now reads explicitly as 



{b{x) fD} = - (6(x) ® D) (f(cu) + ^/ - (1 ® D-^){r{uj) - ^J)(l ® D)). (4.29) 

The comparison of the last two equations fixes the exchange r-matrix almost completely: 

f{uj)=n{uj)+X{uj), (4.30) 

where TZ{uj) is given by ( p. 691 ) and X^u) is an antisymmetric purely Cartan piece. 



X{ij) = X^\uj)Hk ® Hi , X^\u) = -X^\ij) . (4.31) 

Thus we have determined the exchange r-matrix algebraically up to the Cartan piece. 
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The Jacobi identity takes the following form for the diagonal case: 

1 



[fi2(cj), f23(cu)] + HI dkh-i^uj) + cycl. perm. = --/. (4.32) 

This is the celebrated CDYB equation, whose neutral solutions have been classified in |^3|. The 
r-matrix ( ^ISOD satisfies i^^ if 

dkXlrn + diXmk + dmXkl = 0. (4.33) 

Therefore there exists a 'gauge vector' Vk{uj) such that 

Xui{uj) = duVi{uj)-diVk{uj). (4.34) 

With the help of Vk{oj) we can introduce the gauge transformed chiral field 

6(x) = 6(x)e-^^(")^', (4.35) 

which has diagonal monodromy and satisfies the 'standard' exchange algebra 

{6(x) ® 6(y)} = -6(x)®6(^/)(7^(cJ) + -/sign(y-x)), 0<x,|/<27r. (4.36) 



It has been mentioned that the PB (|4.36|) follows [^ from the symplectic form n^Biochib) 



on A4 Block given by ( p.67[) . Upon the substitution (|4.35|) , the symplectic form gets shifted by 
the exact 2- form K,Xki{uj) dw^ A duj^ and the shifted symplectic form corresponds of course to 
the exchange algebra ( [4.27|) with r{ijj) in (|4.30|) . It is also easy to see that the family of the 



symplectic forms k {p.Bioch{b) + Xki{Lo)uj^ A cuM on M.Bioch results as the reduction of the family 
of symplectic forms i^^chir ^^ diagonal monodromy. 

5 Exchange r-matrices with Poisson-Lie symmetry 

We studied in sec. 3.4 the Poisson-Lie action of the group G on the chiral phase space for the 
special case of a constant r-matrix playing the role of the exchange r-matrix. As mentioned 
there, this PL action is restricted to the case of complex or real, non-compact groups, since 
there is no constant solution of ( p.63| ) for compact groups. In this section we consider a set of 
more general PL actions which also work for the physically most interesting case of compact 
groups. 

It is clear from the examples studied so far that the PL action we are looking for is a 
kind of 'hidden' symmetry, extending and centralizing the Kac-Moody symmetries in the total 
symmetry group of the chiral WZNW model. More precisely, we require that 

• the KM currents are invariant under the PL action; 

• the PL action commutes with the KM transformations. 
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It is not difficult to see that because of the above two requirements the PL action as a nonhn- 
ear group action on the chiral phase space has to be a special case of the gauge transformations 
discussed in sec. 4.1: 

g{x) -^ Vhg{x) = g{x)p{M,h) V/i G G. (5.1) 

The G-valued function p(M, h) is chosen so that the group multiplication law VhVk = Vhk is 
satisfied: 

j9(M, k)p{VkM, h) = p{M, hk) , (5.2) 

where the induced action on the monodromy matrix is "PfcM = p~^(M, k)Mp{M, k). One must 
also require that p{M, e) = e. 

The simplest case is the 'standard' (left) action 

Shg{x) = g{x)h~'^ (5.3) 

corresponding to p{M,h) = h^^. A family of 'trivial' actions is obtained by conjugating the 
standard action in the gauge group by an arbitrary element V (see ( [4.21|) ): 

Sh = V-'ShV. (5.4) 

In terms of the corresponding G-valued functions we have 

§{M,h)=p{M)h-^p{h-VM -h-^). (5.5) 



In practice it is useful to consider the infinitesimal version of ( |5.1| ). For the parametrization 
h = e""^" we have 

Vhgix) = g{x) - u'^X^gix) + Oiu^) , (5.6) 

where the infinitesimal generators are of the form 

X^x) = -C''aiM)g{x)Tp (5.7) 

with some monodromy dependent coefficients (^^{M), and satisfy the commutation relations 
[Xq,,X^] = f^p'^X^. This latter equation can be expressed as a requirement on the coefficients 
C^. as 

C\V~^Cp - C^-D^Ca + Lx^CaC'p + LA\ = . (5.8) 

Clearly the simplest solution of (|5^ ) is the standard one, (^^ = —5^^. 

The infinitesimal generators are also useful in studying the question of trivialization. The 
infinitesimal form of ( [5.5| ) is 

pT^ + C\iVl + T^)p = Q. (5.9) 

It is easy to see that the consistency conditions of this set of partial differential equations are 
precisely the equations ( |5.8| ), but it is not clear if all possible nonlinear actions Vh can be 
trivialized in the form ( |5.4|) or not. 

The next question is which of the above nonlinear group actions are Poisson-Lie? Following 



32| , we recall that a Lie group (or algebra) action characterized by infinitesimal generators X^, 



is Poisson-Lie, if for any pair of phase space functions Fi, F2 the PBs satisfy the relations 

{x„(Fi),F2} + {Fi,X,(F2)}-X,({Fi,F2})=-/'^^,X^(Fi)X^(F2), (5.10) 
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where the pair of structure constants {fap'^, f^^a) together define a Lie bi- algebra. Now applying 
this to Fi = g{x), F2 = g{y) and parametrizing the exchange r-niatrix as 

r''^ = k^'C.C\ (5.11) 

we find that the infinitesimal action (15.71) will be PL if 



C.C\ [C'D-k'^^ + A;'^'^/./ + rV./ + ^r\) = \ {p+%^ - V+^C) ■ (5.12) 

It is well-known that all simple PL groups are coboundary. This means that the PL structure 
on G is given by the Sklyanin bracket, 

{h®h} = -\R,h®h\, (5.13) 

for which the structure constants of the induced dual Lie algebra are 

P\ = - (R^^L^^ + R^'^LJ) , (5.14) 

where R = R^^T^ ®TpEQ/\Gis some constant, antisymmetric r-matrix. The r-matrix that 
occurs here is an arbitrary solution of the (modified) classical YB equation, 

[-R12, -R23] + cycl. perm. = -v'^ f (5.15) 

with some constant parameter —v"^. This parametrization of the right hand side will prove 
useful below. The value z/ = is also allowed and for real Lie groups v"^ is of course real. From 
the classification |]30| , ^ of the solutions we recall that for a compact simple Lie algebra v must 
be purely imaginary or zero, while for the maximally non-compact (split) real forms v is real. 
Let us introduce K"'^ by writing 

r^(M) = ir"^(M) + i?"^. (5.16) 



Then (|5.12| ) can be reduced to 

r.C'^A [C.-D-K^^ + K^^f., ' + K^'L, '')=l (^+"C^ - V+^C) . (5.17) 

This depends on how the infinitesimal generator Xa is parametrized in terms of (^^, but the 
explicit reference to the dual structure constants ( |5.14|) has disappeared. 

From now on we will concentrate on the simplest case corresponding to the standard action 
(^^ = —5^ a- -l-^ this case 

r^'^i^M) = K'^^iM) + i?°^ (5.18) 

and (|5.17|) reduces to 

V'K = [K, %] , where % := adT„ , (5.19) 



that is, {Ta)J^ = f„a^- Eq. (|5.19|) is the infinitesimal form of 



K{hMh-^) = {h® h)K{M){h-^ ® h'^) , (5.20) 
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which expresses the equivariance of K[M) = K"l^ {M)Ta ^Tp under the action (|5.3|) . One may 
also verify directly that the standard left action of G equipped with the PB ( p.l3| ) is PL for 
the exchange r- matrix (|5.18|) if K{M) is equivariant. 

So far we have established that the action { p.'S\ ) of G on AicMr is PL if r{M) is the sum of a 
constant r- matrix R and an equivariant piece K{M). Of course, the exchange r- matrix ( |5.18| ) 



has to be a solution of the dynamical YB equation ( p.63|) . Using (|5.19|) , ( p.63|) can be rewritten 



as 

- {KT'^Kf'' + -V+'^K'^^ + cycl. perm. = (z/^ - \)pPi (5.21) 

in this special case, where the cyclic permutations are over the upper indices a,/3, 7. The 
search for solutions of ( p.21| ) is made feasible by the observation that any analytic function of 
y (defined in (|3.94| )) is equivariant. We show in Appendix B that a solution of ( |5.21| ) is given 
by the analytic function 

1 y 

K = -co\h--vcoth{vy) . (5.22) 

This formula is valid on a domain G around e G G where the exponential parametrization 
is applicable and the power series of the above expression converges. The derivation of the 
exchange r- matrix given by ( |5.18| ), ( p.22| ), which is compatible with the standard action of the 



PL group G equipped with the PB ( |5.13|) , is one of our main results. 

We conclude this section with a couple of remarks related to the above r-matrices. We 
first note that for z/ = ( |5.22|) is understood as the appropriate limit and therefore for i? = 



we recover from (|5.18|) the exchange r-matrix tq ( p. 951) together with the classical ^-symmetry 
discussed in sec. 3.5. We can also have i/ = in correspondence with any antisymmetric solution 
i? ^ of the classical YB equation. For v = 1/2 we get K = and the dynamical r-matrix 
(|5.18| ) then reduces to one of the constant r-matrices treated in sec. 3.4. For compact groups 
all solutions (|5.22|) are strictly dynamical (non- const ant), since in this case — z/^ > 0. Finally, 



we remark that the existence of a suitable local 2-form p corresponding to the r-matrix ( |5.18| ), 
(|5.22| ) is guaranteed by the solvability of ( p.36| ). 



We have seen that the classical ^-symmetries discussed in sec. 3.5 and the special PL 
symmetries treated in sec. 3.4 are generated by momentum maps. Without going into details, 
we wish to mention that it is possible to show the existence of a non-Abelian momentum map 
also in the general case of the above PL symmetries. The momentum map is given by a function 
m{M) on Aichir (depending on the monodromy matrix only), which takes its values in the dual 
PL group G* in such a way that for all phase space functions F 

XaF = (m~^{m, F})^ , (5.23) 

where the ()„ component on the right hand side is evaluated in the dual Lie-algebra, Q*. 
Moreover, the G*-valued momentum map satisfies the PBs 

{m f m} = ?7*(m)?Ti ® 771 , (5.24) 



where the Poisson tensor ri*{m) E Q* /\Q* is chosen so that ( |5.24|) defines the Poisson structure 



of the dual PL group. (For an explanation of these notions, see e.g. [p^].) 

It is in principle possible to use the the momentum map construction also backwards. If 
there is a G*-valued function m on the phase space satisfying ( p.24| ), then using ( |5.23| ) to define 
an infinitesimal generator X^ one obtains that 
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the infinitesimal generators represent the Lie algebra, [Xq,,X^] = f^^^^X^, 
the Lie algebra action is PL, i.e., ( |5.10D holds. 



Let now suppose that a compact simple Lie algebra Q acts on a phase space as a classical 
symmetry generated by a ^*-valued, equivariant ('Abelian') momentum map. In this situation 
one can always define also an infinitesimal PL action of the group G equipped with the so called 
standard PL structure. This is a consequence of the fact pUf that there exists a diffeomorphism 



between Q* and G* that converts the natural linear Poisson structure on Q* into the standard 
PL structure on G*. Applying this to the classical ^-symmetry studied in sec. 3.5, we can thus 
find a map, 

g*3f^ m(f ) G G*, (5.25) 

where P : Aichir — ^ G* is given by ( p.96|) , such that m(T) satisfies ( ^.24|) with respect to the 



standard PL structure. The resulting G*-valued momentum map then generates a PL action 
on the phase space Xichir as outlined above. 

This somewhat surprising construction is not specific to the chiral WZNW phase space, 
since it can be used whenever one has a classical ^-symmetry based on a compact simple Lie 
algebra. When applying it to the chiral WZNW phase space, the Lie algebra action (|5.23| ) 



constructed using the momentum map ( |5.25| ) will be different from the standard one ( |5.3| 



It is an interesting question whether this Lie algebra action can be gauge transformed to the 
standard form and, if the answer is positive, to find the corresponding gauge transform of the 
r-matrix tq ( p.95|) . We wish to discuss this in a future publication. 



6 Interpretation in terms of Poisson-Lie groupoids 

The CDYB equation ( [4.32| ) can be regarded as the guarantee of the Jacobi identity in a PL 
groupoid |23[ . Below we show that eq. ( ^.63| ) admits an analogous interpretation. For this, we 



introduce a family of PL groupoids in such a way that a subfamily of these is naturally associated 
with the possible PBs on the chiral WZNW phase space. Remarkably, these groupoids are 
finite dimensional Poisson manifolds that encode practically all information about the infinite 
dimensional chiral WZNW PBs. 

Roughly speaking, a groupoid is a set, say P, endowed with a 'partial multiplication' that 
behaves similarly to a group multiplication in the cases when it can be performed. To under- 
stand the following construction one does not need to know details of the notion of a groupoid 



(see e.g. ^Tj), since we shall only use the most trivial example of such a structure, for which 

P = S xGx S = {(M^, g, M^)}, (6.1) 

where G is a group and S is some set. The partial multiplication is defined for those triples 
{M^,g,M^) and {M^,g,M^) for which M^ = M^, and the product is 

{M^,g,M^){M^,g,M^):={M^,gg,M^) for M^ = M^ . (6.2) 

In other words, the graph of the partial multiplication is the subset of 

PxPxP = {{M^,g,M')} X {(M^,^,M0} x {(M^,^,M')} (6.3) 
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defined by the constraints 

M^ = M^, M^ = M^, M^ = M^ g = gg, (6.4) 

where the hatted triple encodes the components of the product. A PL groupoid ||3^ P is a 
groupoid and a Poisson manifold in such a way that the graph of the partial multiplication is 
a coisotropic submanifold oi P x P x P~ , where P~ denotes the manifold P endowed with the 
opposite of the PB on P. In other words, this means that the constraints that define the graph 
are first class. This definition reduces to that of a PL group in the particular case for which 
the set S in ( |6.1| ) consists of a single point. 

In the interpretation of ( |3.70| ) given in [^ the groupoid P is of the form above with 5* 



taken to be a domain in the dual of a Cartan subalgebra of a simple Lie group G. By thinking 
about a generic monodromy matrix, we now take P to be 

P = GxGxG, (6.5) 

where G is some open domain in G. On this P, we postulate a PB { , }p defined, by using the 
usual tensorial notation, as follows: 

K{gug2}p = gig2f{M^) -f{M^)gig2 

K{g,,M^}p = g,M^Q{M') 

K{g,,Mi}p = MieiM^)g, 

k{M(,M^}p = MIM^A{M^) 

k{M[, M[}p = -Mf Mf A(M^) 

k{M(, Mi}p = 0. (6.6) 

Here k is an arbitrary constant included for comparison purposes. The 'structure functions' f, 
0, A are Q ®Q valued functions on G; in components 

f{M) = r'"^{M)T^ ® Tp, Q{M) = Q'"^{M)T^ ® T^, A(M) = A"^(M)T„ ® Tp. (6.7) 



It is quite easy to verify that a PB given by the ansatz ( |6.6|) always yields a PL groupoid, 
since the constraints in ( |6.4| ) will be first class for any choice of the structure functions. Of 
course, the structure functions must satisfy a system of equations in order for the above ansatz 
to define a PB. The antisymmetry of the PB is ensured by 

f = -hi {hi ■■= r°% ® T„) and A = -A21, (6.8) 

while the Jacobi identity is, in fact, equivalent to the following system of equations: 

[^^12, ^13] + Qai3TiTl'^f23 + cycl. perm. = /i/, n = constant, (6.9) 

[A12, A13] + A^^Tf 7^^A23 + cycl. perm. = 0, (6.10) 

[ri2, 613 + 623] + [613, 623] + A^pT^n^fu + Qaf3iT^n^Q23 - T^n^Q^^) = 0, (6.11) 

[612 + 613, A23] + [612, 613] + e^^Tf 7^^A23 + A„^(T3"7^^el2 - T^nf'e^^) = o. (6.12) 



Observe that the left hand side of ( |6.9| ) is of the same form as that of ( ^.63 ), but in the groupoid 



context on the right hand side we have an arbitrary constant /x. The derivation of the above 
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equations from the various instances of the Jacobi identity is not difficult. What is somewhat 
miraculous is that one does not obtain more equations than these. This is actually ensured by 
our choice of the relationship between the PBs that involve M^ and those that involve M^ . As 
an illustration, let us explain how (|ti.9D is derived. By evaluating 



{{5'i,5'2}p,5'3}p + cycl. perm. = 0, (6.13) 

one obtains that this is equivalent to 

91929^ ([ri2,ri3] + Qo.pT'^n^f^z + cycl. perm.) (M^) = 

= ([ri2, ris] + e^/jTf 7^^f23 + cycl. perm.) {M^)gig293. (6.14) 

This holds if and only if the expression in the parenthesis is a constant, Ad-invariant element 
of A'^(^), and fif is the only such element for a simple Lie algebra Q. 

We have seen that the chiral WZNW PBs are encoded by equations (|3.62| ), (^4.16|) and 
(|4.17| ), where and A are defined by ( p.52| ) and ( p.54| ) respectively in terms of a solution f 
of ( p.63| ). Now our point is the following: A PL groupoid can be naturally associated with any 
Poisson structure on the chiral WZNW phase space by taking the triple f, Q, A that arises in 
the WZNW model to be the structure functions of a PL groupoid according to l \6.(^ . 

It can be checked that the Jacobi identities of the PL groupoid (|0|) - (|6.12|) are satisfied 
for any triple f, 0, A that arises in the WZNW model. This actually follows without any 
computation since, indeed, the Jacobi identities of the chiral WZNW PBs in ( p.62| ), ([4.16|) 



( |4.17| ) lead to the same equations, with /i = — i, and they are satisfied since they follow from 
the symplectic form nQ^f^-j.. 

Among the 'chiral WZNW PL groupoids' described above there are those special cases for 
which K = f — R satisfies the equivariance condition (|5.20|) in relation with some constant 



r-matrix R subject to (|5.15|) . In these cases, we equip the group G = {h} with the Sklyanin 
bracket opposite to that in ( p.l3| ), 

{h^h} = -\h0h,R], (6.15) 

and consider its commuting right and left actions on P given respectively by the maps 

PxG3 ((M^, g, M^), h) ^ (M^, gh, h-^M^h) G P (6.16) 

and 

Gx P3 {h, (M^, g, M^)) ^ {hM^h-\ kg, M^) e P. (6.17) 

Then it is not difficult to verify that these are both Poisson maps, i.e., they define two PL 
actions of the PL group G (with (|6.15|) ) on the PL groupoid P. In the final analysis, this is a 
consequence of the fact that, as explained in sec. 5, in the present situation we have a PL action 
of G on the chiral WZNW phase space whose Poisson structure is encoded by (P, { , }p). Here 
G <Z G must be Ad -invariant, see footnote 5. 

In [^ PL groupoids are associated with arbitrary subalgebras /C C ^, although the cor- 
responding dynamical r-matrices are described only if /C is a Cartan subalgebra. The K, = Q 
special case of their groupoids is in fact equivalent to our PL groupoid whose structure function 
is the r-matrix in (|3.95| ). Their PL groupoids are different from ours in general. 
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7 Conclusion 

In this paper we explored the Poisson structures on the chiral WZNW phase space of group 
valued quasiperiodic fields with generic monodromy. We have shown that the possible PBs are 



defined by the exchange r- matrices that are solutions of (|3.63|) . This equation can be viewed 
as an analogue of the celebrated CDYB equation ( |3.7CI| ), since the latter plays a similar role for 
chiral WZNW fields with diagonal monodromy. An analysis of chiral WZNW Bloch waves and 



their classical Wakimoto realizations in the spirit of the present paper is contained in |^ . 



We have given an interpretation of our dynamical YB equation (|3.63| ) in terms of a family of 



PL groupoids, whose further study may be fruitful. In this respect, the most interesting open 
questions appear to be to quantize these PL groupoids and to find apphcations for them outside 
the chiral WZNW context. It is known that equation (|3.70| ) admits interesting applications in 
the field of integrable systems [^ 



We also investigated the PL symmetries of the exchange algebra ( |3.62|) . We have found that 



for any PL structure on the WZNW group G there is a corresponding choice of the exchange 
r-matrix such that the standard gauge action of G on the chiral fields becomes a PL action. It 
would be desirable to understand if this result has any analogue at the level of the quantized 
(chiral) WZNW model. 

Acknowledgements. This investigation was supported in part by the Hungarian National 
Science Fund (OTKA) under T019917, T030099, T025120 and by the Ministry of Education 
under FKFP 0178/1999. 

A Exchange r-matrices for SU{2) 

In this appendix we present an explicit, local formula for the most general exchange r-matrix 
on the simplest compact Lie group G = SU{2). The formula ( |A.15| ) below is valid in a neigh- 
bourhood of the unit element. It illustrates some general results obtained in sec. 3, and it may 
prove useful in a future study of the question whether globally defined exchange r-matrices 
exist for SU{2) or not. 

As a basis for the Lie algebra su{2), we choose the generators T°- := ^<Ja, where the aa 
{a = 1,2,3) are the usual Pauli matrices. We parametrize the matrices r'^''{M) and q°-^{M) 
that appear in ( |3.36|) in terms of 3-component vectors as 

^ab^^abc-^^ and g«* = e'^^^g,, (A.l) 

where e"'^'^ is the totally antisymmetric tensor for which e^^^ = 1. Furthermore, we identify the 
SU{2) group manifold with S'^ C R^ by writing M G SU{2) according to 

M = XoO-Q + iXaCTa , xl + XaXa = 1, (A. 2) 

whereby Xq, Xa define smooth functions on SU{2) {cxo is the 2x2 unit matrix). It is then a 
matter of straightforward calculation to translate eq. (|3.37|) into the formula 



Ra = -D-^ (xa + ^XoQa + ^e'^'^'x^Q^ , D:=Xo- ^XaQa, (A.3) 



4 
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which is vahd on a neighbourhood of the unit element where D 7^ 0. By assumption, on this 
neighbourhood the Qa are smooth functions subject to 

dp{M) = -ii{M-^dMf'^ for p(M) = - g"^(M)tr(T„M-^rfM) A tr(TfeM-^rfM). (A.4) 
6 2 

As discussed in sec. 3.3, ( |A.4p imphes that Ra defined by (|A.1| ), ( [A.3|) yields a solution of the 
dynamical YB equation (|3.63| ), which for SU{2) can actually be written in the form 

2RaRa + Iv'^Ra + e'^'^RcV.Ra = -i (A.5) 

Observe that we cannot have a constant solution since the Ra must be real. It is also worth 
noting that locally we have the inverse of ( |A.3|) given by 

Qa = ^D-' [-Xa + 4:XoRa + 4:e''''XbR,) , D:=Xo + AXaRa- (A.6) 



This formula defines via ( |A.lj ) a solution of ( [A. 41 ) out of any solution of ( [A.5[ ) 



We shall now derive the general local solution of ([A.5|) by making explicit the general local 
solution ( |3.93 ) of ( |A.4| ) that we have obtained in sec. 3.5 for any group. For this we need the 



exponential parametrization of SU{2), 

M = e^-r = e^-r^^" with |r|2 = r,r, <1, (A.7) 

which covers the domain SU(2) \ {— o"o}- Upon comparison with ( |A.2| ), we get 



xo = cos(7r|r|), Xa = --rpysin(7r|r|). (A. 8) 

We shall also use the following expressions for the powers of the operator adF. For the odd 
powers, we have 

(adF)2"+i = (-l)"|Fp"(adF), n > 0, (adF)(T") = [F,T"] = e^^^^T^F,. (A.9) 

For the even powers, defining the matrix of (adF)" by (adF)"(T^) = [(adF)"']^^T", we have 

[(adF)2V = (-ir|r|2'^(5,,-^), n>l. (A.IO) 



Using these relations, we can rewrite the formulae ( p.94|) and (|3.95|) as follows: 



and 



go- = e-Qi°) with g(°) = F. '"'|;i-y^;|[^ (A.ll) 

8|F| sm (7r|l |) 



^ab ^ ^abcj^iO) ^j^j^ /?(o) = ll£fcot(7r|F|)-^V (A.12) 

4 F P^ vr F ^ 



One may check that eqs. ( |A.3| )-( [AIBD hold for these expressions, which represent smooth func- 
tions on SU{2) \ {—(To}. 
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To obtain the most general 2-forni p on SU{2) \ {— o"o} that satisfies ( |A.4|) , we have to add 
an arbitrary closed 2-forni to the 2-forni, po, that corresponds to the matrix Qq^. In fact, the 
result can be written as 



piT) = dTaAdT,e''"'iT 



sin(27r|r|)-27r|r| 



+ f/c(r)) 



(A.13) 



where Ua{T) is a smooth 'vector- function' in the interior of the unit ball, |r| < 1, which is 
divergence free, i.e.. 



E 



0. 



(A.14) 



We then have to rewrite this 2-form in the manner indicated by the second parts of (|A.1| ) 
and ( |A.4| ). By means of ( |A.3| ), this will provide us with the general local solution of ( [A.5| ). 
By performing the necessary (rather tedious) calculations, in this way we obtain the following 
formula: 



Rn 



iri 



4 



cotCTrlrl 



\T\{An-2T-U) 



+ 



-^{T ■ U) - \r\Ua 



1 



(47r-2r-t/)27r|r| 



(A.15) 



where T ■ U = TaUa- This expression is valid on the open subset of SU{2) that excludes — ao 
and the points where T ■ U = 2tx. In particular, Ra is smooth in a neighbourhood of the unit 
element, for which F = 0, since UaiX) is smooth there by assumption. One can also verify 
explicitly that on its domain of validity Ra solves the dynamical YB equation ( |A.5| ) for any 
divergence free UaiX)- For this verification, one needs to spell out ( [A.5| ) more explicitly. For 
instance, if one uses the Xa in ( |A.2| ) as coordinates around ctq ^ SU(2), then ( |A.5| ) becomes 



'^RaRa 7. 1^ 1" '^^aRb^ 2i?feXj,- 



dXa 



dxh 



' dXa 



(A.16) 



In summary, we have derived the form of the most general exchange r- matrix in a neighbour- 
hood of the unit element of SU{2). The solution ( |A.15| ) may in general develop singularities 



away from the unit element, and it is an open question if globally smooth solutions of (|A.5| ) 
exist on SU{2) or not. 



B Analytic solution of the dynamical YB equation 



In this appendix we show that the equivariant analytic function ( [5.22[ ) is a solution of the 
dynamical YB equation (|5.21| ). 



We will use the power series expansion of the coth function: 

1 



cothz 



+ E 



arZ 



2r+l 



(B.i; 



r=0 



Here the coefficients ar can be expressed in terms of the Bernoulli numbers |^. They can also 
be computed using the recursion relation 



tto 



1 
3 



Or 



-| m—1 

2m + 3 .^ 



m = 1,2,... 



(B.2) 
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Using the properties of the operator D+" ( p.7|) and the definition of K ( |5.22| ) the first two 
terms of ( |5.21| ) can be expanded as 



{Kr-KY'< = E araJ-^ - .-+^) (-^ - .-+^) fy^^^^T'^y^r^'Y' (B.3) 



o2s+2 
r,s=0 '^ ' ^ 

and 

oo 1 2r 



V"i^^- = f:a.(^-.-+^) ^ {^coth^y\rr,y^-y\ (b.4) 



9 Z.^ ' V92r+2 J ^-^ \0 9 



Here, in writing the second equahty we exploited that in the parametrization of M introduced 
in sec. 3.5 one readily obtains by writing y = X°-Ta that 

It is clear that all terms in (|5.21|) are built from powers of y and structure constants. It will 
prove useful to contract all the indices with Lie algebra generators and thus reformulate ( |5.21| ) 



as an equation in the triple tensor product of the Lie algebra. We introduce the notation 

(A;, /, m) := {yT{yf\y^rf^x. T^®Tp®T,. (B.6) 

Cyclic permutation of the indices now corresponds to cyclic permutation of the tensor factors 
and we also introduce the symbol 

[k, I, m] := {k, I, m) + (/, m, k) + (m, k, I) . (B.7) 



We expand both sides of ( ^.21|) in powers of v and every coefficient of v also in powers of 



y. In our notation this latter expansion corresponds to putting together all terms with a fixed 
total N = k + I + m, and eq. ( |5.21|) requires separately the equality of all such terms on the 



two sides. 

We start with the v^ terms. We find that the A^ = piece is satisfied identically, while for 

iV = 2m + 2 (m = 0, 1, . . .) we get 



2m+2 



ara+i E (-l)'+'[0,s,2m + 2-s]- ^ a,a,[0, 2s + 1, 2r + 1] 

s=0 r+s=m 

2r 

+ Y. ar.aytE(-l)''''[2fc + 2,s,2r-s] = 0. (B.8) 

r+A:=m, s=0 

Similarly the A^ = piece of the v^ term vanishes identically, while for A^ = 2r + 2 (r = 0, 1, . . .) 
we obtain 

[2r + 2, 0, 0] + [0, 1, 2r + 1] + [0, 2r + 1, 1] = . (B.9) 

Finally, from the t/2m+4 |;g]~]2is (for m = 0, 1, . . .) we get contributions with A^ = (2m + 2)-th 
powers of 3^, 

2m+2 

a„+i E (-l)IO' S' 2m + 2 - s] - ^ arftJO, 2s + 1, 2r + 1] = 0, (B.IO) 

s=0 r+s=r?i 
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and also terms with A^ = (2m + 4 + 2r)-th powers of y (for r = 0, 1, . . .), 

2m+2 

[0, 2m + 3, 2r + 1] + [0, 2r + 1, 2m + 3] + ^ (-l)^[2r + 2, s, 2m + 2 - s] = . (B.ll) 

Before proceeding we note that using the Jacobi identity for the structure constants we can 
write down the following identity: 

{k + 1, /, m) + {k,l + 1, m) + (fc, /, m + 1) = . (B.12) 

Now it is easy to see that (|B.9|) is a special case and ( p.ll|) is a simple consequence of the 



above identity. In fact, to prove ( |B.11|) we group [0, 2m+3, 2r+l] with the first ([0, 2r+l, 2m+3] 



with the last) m + 1 terms of the sum: 

m 

Zi = [0, 2m + 3, 2r + 1] + ^(-l)"[2r + 2, s, 2m + 2 - s], 

s=0 
m 

Z2 = [0, 2r + 1, 2m + 3] + ^(-1)^' [2r + 2, 2m + 2 - j, j] , 

i=o 

then in both groups, for odd s (j) we use ( p.l2|) to write 

{-iy[2r + 2, s, 2m + 2 - s] = [2r + 1, s + 1, 2m + 2 - s] + [2r + 1, s, 2m + 3 - s] 
(-iy[2r + 2,2m + 2-j,j] = [2r + 1, 2m + 3 - j, j] + [2r + 1, 2m + 2 - j, j + 1]. 



In this form, as a consequence of ( P.12|) , both Zi and Z2 cancel 'telescopically' almost com- 
pletely; for odd m they give 

Zi h^ [2r + l,m + l,m + 2], Z2 ^ [2r + 1, m + 2,m + 1], (B.13) 

while for even m we get 

Zi \-^ [2r + 2, m, m + 2] + [2r + 1, m, m + 3], 

Z2 ^ [2r + 2, m + 2, m] + [2r + 1, m + 3, m] . (B.14) 

One readily verifies, using again ( [B.12| ), that these remaining terms give zero in both cases with 
the 'central' element of the sum {—l)"^~^^[2r + 2,m + l,m + 1]. 

As for ( |B.8| ), it should be perfectly possible to prove it using the properties of the coefficients 
Or, but in the present context there is no need to prove it independently since we know that 
the z/ = case coincides with the solution ( |3.95| ) and therefore it must satisfy ( |3.63| ). 

Thus we are left with ( |B.10| ). Using ( |B.8|) , we can rewrite it as 

2r 

2 J2 arafc[0,2r + l,2A; + l]+ ^ a^a^ 5I(-1)'[2A; + 2, s, 2r - s] = (B.15) 

r+k=m r+k=m s=0 



and in this form we see that it trivially follows from ( |B.ll ) and the index symmetry of akOtr- 
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